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Abstract. We test in a simplified 5-dimensional model with SU(3) gauge symmetry,
the evolution equations of the gauge couplings of a model containing bulk fields, gauge
fields and one pair of fermions. In this model we assume that the fermion doublet
and two singlet fields are located at fixed points of the extra-dimension compactified
on an S1/Z2 orbifold. The gauge coupling evolution is derived at one-loop in 5-
dimensions, for the gauge group G = SU(3), and used to test the impact on lower
energy observables, in particular the Weinberg angle. The gauge bosons and the Higgs
field arise from the gauge bosons in 5 dimensions, as in a gauge-Higgs model. The
model is used as a testing ground as it is not a complete and realistic model for the
electroweak interactions.
1. Introduction
A gauge theory defined in more than four dimensions has many attractive features,
where interactions at low energies may be truely unified and some of the distinct fields
in four dimensions can be integrated as a single multiplet in higher dimensions, like in
gauge-Higgs models, where the Higgs fields can be a component of 5-dimensional gauge
fields. Note also that the topology and structure of the extra-dimensional space provides
new ways of breaking symmetries [1]. The simplest theories of this type have problems
in reproducing the low energy observables, such as the Weinberg angle, the SM fermion
content and Yukawa couplings are different from the gauge couplings [2].
In this paper we shall discuss the gauge couplings evolution for a model which
contains a bulk field, gauge fields and one pair of fermions ψa and ψ˜a. The matter
field can be introduced either as a bulk field in the representations of the unified group
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2G = SU(3) or as a boundary field localised at the fixed point where this is broken to a
subgroup H.
Let us call H the subgroup of G that is not broken by the vacuum expectation value
(vev) of the scalar fields (under which the vev of the scalar fields is invariant). We can
correspondingly divide the generators ofG into two sets: the unbroken ones SU(2)×U(1)
(the electroweak gauge group), which annihilates the vacuum, and the broken ones Uˆ(1)
(the electromagnetic group), the orthogonal set. According to the Goldstone theorem
each broken generator in the coset G/H is associated to an independent massless scalar
(Goldstone bosons), carrying the same quantum numbers as the generators [3]:
G/H =
SU(3)
SU(2)× U(1) ⇒ dim(G/H) = 8− (3 + 1) = 4. (1)
In the case of the bulk fields, the standard Yukawa coupling can orginate only
from higher-dimensional gauge couplings, but in the case of the boundary localised
matter fields the standard Yukawa coupling cannot be directly introduced [4]. The
gauge bosons arise from the 4-dimensional components of the 5-dimensional gauge fields,
whilst the Higgs field arises from the internal components of the gauge group G = SU(3)
compactified on an S1/Z2 orbifold; the orbifold boundary condition can be written in
the following way
P = eipiλ3 =

−1 0 0
0 −1 0
0 0 1
 , (2)
where λa are the standard SU(3) Gell-Mann matrices, normalised as Tr(λaλb) = 2δab.
The group Z2 acts on the tours as pi rotations, the orbifold projection P breaking the
gauge group G to the subgroup H = SU(2)×U(1), the group G is broken in 4 dimensions
to H = SU(2)×U(1) of the projection P , the massless 4-dimensional fields are the gauge
bosons Aaµ in the adjoint of H and the charged scalar doublet arises from the internal
components Aa5 of the gauge field [5].
The brane fields of the model we shall focus on consist of a left-handed fermion
doublet QL = (uL, dL), and two right-handed fermion singlets uR and dR. We are going
to assume that the doublet and the two singlet fields are located respectively at position
y1 and y2, which equals to either 0 or piR.
The Lagrangian for the bulk fields, gauge fields and the pair of fermions is given
by:
Lmatter =
∑
a
[
iψ¯a(x, y)6D5ψa(x, y) + i ¯˜ψa(x, y)6D5ψ˜a(x, y)
+ ψ¯a(x, y)Maψ˜a(x, y) +
¯˜ψa(x, y)Maψa(x, y)
]
+ δ(y − y1)
[
iQ˜L(x, y) 6DµQL(x, y)
]
+ δ(y − y2)
[
id¯R(x, y)6DµdR(x, y) + iu¯R(x, y) 6DµuR(x, y)
]
, (3)
3where 6D4 and 6D5 are the 4-dimensional and 5-dimensional covariant derivatives
respectively, and are related by the following equality
6D5 = 6D4 + iγ5D5. (4)
6DM = γM∂M − iγMgMAaMT a, (5)
where M = (µ ≡ 0, 1, 2, 3 and 5), the Hermitian martix γ5 = iγ4, T a are the generators
of the Lie algebra of the gauge group G, Aaµ are the 4-dimensional gauge bosons and the
scalar fields Aa5 are identified with the components of the Higgs field H [6].
In the fundamental representation of the gauge group G, the mode expansion for
the left-handed ψL and the right-handed ψR bulk fermion is
ψaL(y) =
∞∑
−∞
ηn
1√
2piR
sin
(
ny
R
)
ψnaL(x), (6)
ψaR(y) =
∞∑
−∞
ηn
1√
2piR
cos
(
ny
R
)
ψnaR(x). (7)
By adding equations (6) and (7) one can get the corresponding Fourier decomposition
of a generic bulk fermion
ψa(y) =
∞∑
n=−∞
ηn
1√
2piR
[
sin
(
ny
R
)
ψnaL(x) + cos
(
ny
R
)
ψnaR(x)
]
, (8)
where the factor ηn is defined to be 1 for n = 0 and 1/
√
2 for n 6= 0, which means we
can rewrite the bulk fermion in equation (8) as
ψa(y) =
1√
2piR
ψ0aR(x)+
1√
2piR
∞∑
n=1
[
sin
(
ny
R
)
ψnaL(x)+cos
(
ny
R
)
ψnaR(x)
]
.(9)
The 4-dimensional Lagrangian for the bulk fermion ψa is written as
Lψa4D =
∫ piR
0
[
ψ¯a(y)i6D5ψa(y)
]
dy, (10)
where integrating out the y coordinate one can get
Lψa4D =
1
2
ψ¯0aR(x)(γ
4∂4 − γ4∂5)ψ0aR(x) +
iγ4g5T
a
2
ψ¯0aR(x)A
a
5ψ
0
aR(x)
− iγ
4g4T
a
2
ψ¯0aR(x)A
a
4ψ
0
aR(x) +
1
8
∞∑
n=1
ψ¯naL(x)(γ
4∂4 − γ4∂5)ψnaL(x)
+
iγ4g5T
a
8
∞∑
n=1
ψ¯naL(x)A
a
5ψ
n
aL(x)−
iγ4g4T
a
8
∞∑
n=1
ψ¯naL(x)A
a
4ψ
n
aL(x)
+
1
8
∞∑
n=1
ψ¯naR(x)(γ
4∂4 − γ4∂5)ψnaR(x) +
iγ4g5T
a
8
∞∑
n=1
ψ¯naR(x)A
a
5ψ
n
aR(x)
− iγ
4g4T
a
8
∞∑
n=1
ψ¯naR(x)A
a
4ψ
n
aR(x). (11)
We can obtain the 4-dimensional Lagrangian for the bulk fermion ψ˜a, in similar way as
in the case of the bulk fermion ψa, by replacing ψa by ψ˜a in equation (11).
4Now let us move to the case of the 4-dimensional left-handed fermion doublet, where
the Fourier decomposition for that field is written as
QL(y) =
1√
2piR
Q0L(x)+
1
2
√
piR
∞∑
n=1
[
cos
(
ny
R
)
QnL(x)+sin
(
ny
R
)
QnR(x)
]
.(12)
The 4-dimensional Lagrangian for the left-handed fermion doublet is given by
LQL4D =
∫ piR
0
dyδ(y − y1)
[
Q¯Li6D4QL
]
, (13)
where as we mentioned before, the δ(y−y1) is needed as the left-handed fermion doublet
is located at position y1, which is equal to either 0 or piR. By integrating out the y
coordinate one can get
LQL4D =
1
4piR
[
Q¯0L(x)[iγ
4∂4 + γ
4g4A
a
4T
a]Q0L(x)
+
1
2
∞∑
n=1
Q¯nL(x)[iγ
4∂4 + γ
4g4A
a
4T
a]QnL(x)
]
. (14)
Finally, we can see the case of the two singlet fields which are located at position
y2, the Fourier decomposition for those fields are written as
dR(y) =
1√
2piR
d0R(x)+
1
2
√
piR
∞∑
n=1
[
cos
(
ny
R
)
dnR(x)+sin
(
ny
R
)
dnL(x)
]
, (15)
uR(y) =
1√
2piR
u0R(x)+
1
2
√
piR
∞∑
n=1
[
cos
(
ny
R
)
unR(x)+sin
(
ny
R
)
unL(x)
]
.(16)
The 4-dimensional Lagrangian for the two singlet fields dR and uR is written as
Lsinglet4D =
∫ piR
0
dyδ(y − y2)
[
d¯Ri 6D4dR + u¯Ri6D4uR
]
, (17)
where by integrating out the y coordinate one can get
Lsinglet4D =
1
4piR
[
d¯0R(x)[iγ
4∂4 + γ
4g4A
a
4T
a]d0R(x)
+ u¯0R(x)[iγ
4∂4 + γ
4g4A
a
4T
a]u0R(x)
+
1
2
∞∑
n=1
d¯nR(x)[iγ
4∂4 + γ
4g4A
a
4T
a]dnR(x)
+
1
2
∞∑
n=1
u¯nR(x)[iγ
4∂4 + γ
4g4A
a
4T
a]unR(x)
]
. (18)
2. The gauge coupling evolution equations
Our goal is to discuss the gauge coupling evolution for the model presented in the
previous section. In order to do so, we need to introduced the β-functions. This crucial
object is needed to determine the evolution of the coupling constants. In general, in a
5theory with n-couplings gi, we have to solve a set of coupled differential equations of
the form
βi = µ
dgi
dµ
=
dgi
dt
, (19)
where t = (ln[µ/MZ ]). In general the β-functions depend on all the couplings and
masses of the theory. We can get rid of the masses by focusing only on the universal
UV relevant coefficients. For example, one can focus on the gauge coupling evolution
equations, where we can write the general term for the gauge interaction of the fermions
and the gauge bosons as gψ¯γµψAµ. In terms of renormalisable quantities (by rescaling)
ψ¯ = Z
1/2
ψ¯
ψ¯R, (20)
ψ = Z
1/2
ψ ψ
R, (21)
Aµ = Z
1/2
Aµ A
R
µ , (22)
where Z
1/2
ψ , Z
1/2
ψ¯
and Z
1/2
Aµ are the renormalisation constants. By using equations (20),
(21) and (22) one can write the gauge interaction of the fermions and the gauge bosons
in terms of the renormalisable quantities
gZ
1/2
ψ¯
Z
1/2
ψ Z
1/2
Aµ ψ¯
RγµψRARµ = Z
1/2
g g
Rψ¯RγµψRARµ . (23)
From the above equation one can see that
gZ
1/2
ψ¯
Z
1/2
ψ Z
1/2
Aµ = Z
1/2
g g
R. (24)
As we discussed earlier, the couplings gi are determined by noticing that physics cannot
depend on our arbitrary choice of scale µ. We have, therefore,
d ln gR
dt
=
1
2
d lnZψ¯R
dt
+
1
2
d lnZψR
dt
+
1
2
d lnZAµ
dt
− 1
2
d lnZg
dt
. (25)
We then need to calculate the renormalisation constants. When doing so, we usually
ignore the mass terms in the propagators, since they have nothing to do with the
divergent part of the one loop diagrams. We are going to focus on the UV regime
where we can neglect the m/µ dependence of β.
The general formula of the β-functions for the gauge couplings is given by:
16pi2
dgi
dt
= bSMi g
3
i + (bi + S(t)b˜i)g
3
i , (26)
where t = ln(S(t)/MZR), S(t) = µR for MZ < µ < ln(1/MZR). The numerical
coefficients appearing in equation (26) are given by:
bSMi =
[
41
10
,−19
6
,−7
]
, bi =
[
10
3
,−51
16
,−20
3
,
3
8
]
, b˜i =
[
45
16pi
,− 15
16pi
,− 5
pi
, 0
]
. (27)
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Figure 1. Left panel: Evolution of the gauge couplings g1 (red), g2 (blue) and g3
(green), for three values of the R−1 = 1 TeV (solid line), 2 TeV (dot-dashed line), 10
TeV (dashed line) as a function of t. Right panel: Evolution of the Weinberg angle
sin2 θW with the bulk fermions, with the doublet located at position y1 and two singlets
located at position y2, for R
−1 = 1 TeV (red), R−1 = 2 TeV (blue) and R−1 = 10 TeV
(green) as a function of t.
3. Result and discussion
In Figure 1, left panel, we present the evolution of the gauge couplings for the one-loop
β-functions, by assuming that the bulk fermion is the top quark. We see that the three
gauge couplings unify at some value of t. For example, in the case of compactification
scale R−1= 1 TeV, there is approximate unfication at t=7. In the right panel we present
the evolution of the Weinberg angle for the one loop β-functions, for different values
of compactification scales, for the model discussed in the previous section. Recall that
the Weinberg angle from group theory arguments for an SU(3) gauge group is equal to
0.75 (the ratio of couplings at high energy). In the right panel sin2 θW ∼ 0.69 for the
compactification scale R−1= 1 TeV at scale parameter t = 8. We can conclude that
with this model the estimate of the Weinberg angle is closer to the group theoretically
predicted Weinberg angle.
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